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Abstract-Measurements have been obtained of the mass-transfer coefficient between a falling liquid 
film and a vertical surface; the diffusion-controlled electrolytic mass-transfer technique was employed. 
The measurements are compared with predictions based on an adaptation to lihn flows of a theory given 
by one of the present authors for heat or mass transfer through boundary layers. There is good agreement 
between theory and experiment provided that the film Reynolds number is outside the range of approxi- 

mately 700-1000. 
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NOMENCLATURE 

constant in Van Driest total-viscosity 
expression ; 
area of mass-transfer surface ; 
component of gravitational accelera- 
tion acting in the direction of the flow ; 
eddy diffusivity ; 
molecular diffusivity ; 
Faraday’s constant (= 96500 A-s/g- 
equivalent); 
local mass-transfer coefficient ; 
average mass-transfer coefficient ; 
diffusion-controlled current ; 
length of mass-transfer surface ; 
non-dimensional length ; 
local mass flux of diffusing species ; 
average mass flux of diffusing species ; 
molecular weight of ferricyanide ion 
(= 329.3); 
valence change in electrochemical 
reaction ; 
= #N&p2as, J*, a non-dimensional 
mass-transfer coefficient ; 
r/p., film Reynolds number; 
laminar Schmidt number ; 
turbulent Schmidt number (= 09) ; 

non-dimensional local conductance ; 
non-dimensional average conduc- 
tance ; 
time-mean velocity along the wall ; 
non-dimensional time-mean velocity 
along the wall ; 
distance along wall ; 
non-dimensional distance along wall ; 
distance from and normal to wall ; 
non-dimensional distance normal to 
wall. 

Greek symbols 
r, mass flow rate of liquid per unit 

width of film ; 
4 mean film thickness ; 

a+, non-dimensional mean film thickness ; 
&+ “9 non-dimensional total viscosity; 
+ 

% ’ non-dimensional total diffusivity ; 
0, angle of surface with the horizontal ; 

x, constant in Van Driest total-viscosity 
expression ; 

I% molecular viscosity ; 

PO eddy viscosity ; 

P, density of the liquid ; 

6, surface tension coefficient ; 
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shear-stress in the film in a plane 
parallel to the surface ; 
concentration of diffusing species (g/g 
solution). 

Subscripts 

G, main stream ; 

s, wall. 

1. MTRODUCI’ION 

1.1. The problem 
FIGURE 1 illustrates a solid surface, inclined 
at angle 8 with the horizontal, down which flows 
a film of liquid. Mass transfer of a chemical 
species i takes place between the solid and the 
film in the region 0 < x < L, where x is the 
distance along the surface in the direction of 

FIG. 1. Mass transfer between a falling liquid fihn and an 
inclined surface; the active portion of the surface is repre- 

sented by cross-hatching. 

flow; in this region the concentration of i at 
the interface is caused to equal zero. 

We seek to calculate the mass flux rir” as a 
function of: the mass flow rate of the film per 
unit width r, the concentration of i in the bulk 
of the fluid ‘pc, the position on the surface x, 

the angle of inclination 0, and the transport 
properties of the fluid. 

1.2. Motivation for the research 
(1) Practical importance. Film flows are en- 

countered in many common types of industrial 
equipment, including: coolers, gas-liquid con- 
tactors, condensers, evaporators and rectifiers. 
Some recent applications are: (a) the cooling 
of the walls of rocket nozzles and spacecraft by 
the interposition of a liquid lihn between the 
surface to be protected and the hot gases; and 
(b) the transfer of heat from the core of a 
nuclear reactor by two-phase heat transfer. In 
such applications, the liquid often flows in the 
form of a film on the walls of the cooling 
channels. 

(2) Theoretical signijcance. In the present 
work, a theoretical and experimental investiga- 
tion of the problem has permitted testing of the 
validity of the assumption that the distributions 
of the total viscosity and the velocity in the 
film can be described by relations developed for 
flows in pipes and boundary layers. 

1.3. Outline of the present paper 
The work reported here has two components : 
(1) Measurements are presented of the mass- 

transfer coefficient between a falling liquid film 
and a vertical surface ; the diffusion-controlled 
electrolytic mass-transfer technique has been 
employed. The measurements, which are des- 
cribed in Section 2.1, embrace a range of flow 
rates and fluid properties which are listed in 
Table 1. 

The results, plotted in the form of a dimen- 
sionless mass-transfer coefficient vs. the film 
Reynolds number, are shown in Figs. 3(a-d). 

(2) A straightforward adaptation to film 
flows is presented of one of the recent theories 
[1] for heat or mass transfer through uniform- 
property boundary layers. The details of the 
adaptation are given in Appendix A, and the 
main results are outlined in Section 2.3. It is 
shown [see Figs. 5(a-d)] that the experimental 
data for Reynolds numbers less than approxi- 
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Table 1. Range oj independent variables covered in the mass-transfer experiments and fluid property data for the solutions 
employed 

Solution 
No. N, 

Range Range 
of of 

NRe L+ 

NaOH Data 
Cont. P P u appear in 

(g-mol/l) Wm3) (g/s cm) (dyn/cm) figures 

1. 1400+7x 1104900 17&2400 0.521 1.02 0.01032 
2. 2550 f 7% 50-3600 1255000 2.08 1.08 0.01445 
3. 6250 k 5% 10-2200 g&6500 4.086 1.154 0.02353 
4. 18400 f 5% 3-1200 5&4500 6.103 1.221 0.04129 

Note: Fluid-property data were taken from Bazan and Arvia [19] and Dutlield [20]. 

72.25 3(a) and 5(a) 
76.75 3(b) and 5(b) 
81.75 3(c) and 5(c) 
86.8 3(d) and 5(d) 

mately 700 agree well with the version of the 
theory which is valid for conditions when the 
concentration boundary layer is confined to 
a region of laminar flow. Above a Reynolds 
number of approximately 1000, the data agree 
with the version which holds for turbulent flows. 
Intermediate Reynolds numbers yield data 
which lie between the predictions of the two 
versions of the theory. 

2. DETAILS OF THE INVESTIGATION 

2.1. The mass-transfer experiments 
In the present investigation, a continuous 

flow of liquid was introduced on the outer 
surface of a vertical cylinder. Measurements 
were made of the average rate of mass transfer 
of the chemical species Fe(CN)z- (ferricyanide 
ion) from the bulk liquid to the surface of short 
electrically isolated sections of the cylinder. 
The ferricyanide ion took part in the following 
electrochemical reaction at the surface : 

Fe(CN)z- + e- + Fe(CN)z-. 
ferricyanide electron 

ion 
ferrocyanide 

‘On (2.1.1) 

The mass-transfer surface, which we term the 
cathode, was electrically connected to another 
section of the cylinder of much larger surface 
area, termed the anode, at which occurred the 
reverse reaction to (2.1.1). The anode and the 
cathode formed the two electrodes of an electro- 
chemical cell. The cathode reaction (2.1.1) was 

initiated and maintained by the application of 
an electric potential between the electrodes. 
The rate of reaction, which can be determined 
from the current which flows between the 
electrodes, increases approximately exponen- 
tially with increasing applied potential, until the 
overall rate is limited by the rate of diffusion 
(molecular and convective) of the ferricyanide 
ion from the bulk solution to the cathode 
surface. Under these conditions, (a) the current 
becomes independent of the applied potential, 
and (b) the concentration of ferricyanide ion at 
the surface falls to a value which is negligible 
in comparison with the bulk value. The mass- 
transfer process is then said to be diffusion- 
controlled. Further details of the electrochemical 
technique can be found in [2] and [3], among 
others. 

The boundary condition for the associated 
mass-transfer problem is one of a step change 
in the concentration at the wall: upstream of 
the plane x = 0 (the upstream edge of the 
cathode), the concentration is everywhere uni- 
form; in the region 0 < x < L, where L is the 
length of the cathode, the concentration at 
the wall is held at a new value which is effectively 
zero. 

In the present work we are interested in the 
averaie mass-transfer coefficient Q, 
defined and related to the measured 
as follows : 

which is 
variables 

(2.1.2) 
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where 

A = area of the mass-transfer surface, 
F = Faraday’s constant (= 96 500 A-s/g 

equivalent), 
g = average mass-transfer coefficient, 
I = diffusion-controlled current, 

M,, = molecular weight of ferricyanide ion 
(= 329.3 g/g-mole), 

%” = average mass flux of ferricyanide ion, 
(Pc, cps = concentration of ferricyanide ion in 

the bulk solution and at the surface, 
respectively, (g ferricyanide ion/g 
solution), 

n - valence change in the reaction (= 1). 

Apparatus. The test section employed in the 
experiments is shown schematically in Fig. 2 ; 
it was in the form of a vertical cylinder approxi- 
mately 150 cm in length and 3.3 cm in diameter. 
From top to bottom, the section was made up 
of: (1) a porous stainless steel flow distributor, 
10 cm in length; (2) a 38.5-cm length of perspex 
which served as a hydrodynamic entry length ; 
(3) the mass-transfer section, of total length 
99.6 cm, which was composed of fifteen elec- 
trodes. Each electrode consisted of a length of 
nickel tube, electrically insulated from its 
neighbors by a OW5-cm thickness of fluon. 
The table which accompanies Fig. 2 lists the 
length of the individual electrodes, which are 
designated in Fig. 2 by a number. Electrodes 
4-14, which ranged in length from 0.3 to 2 cm, 
were the principal electrodes used in the experi- 
ments; number 15 served as a large anode. 
Cathode 2 and the associated anode 3 were 
used for control measurements, which, when 
compared with the readings taken with 14, 
provided an indication as to whether the flow 
was hydrodynamically fully developed over the 
principal electrodes. Over the full range of 
variables covered in the present experiments, no 
differences were detectable between the readings 
from 2 and 14; hence we infer that the calming 
section ensured fully developed flow. 

The electric circuit employed for the mass- 
transfer measurements was designed so that 

POROUS DISTRIBUTOR 

HYDRODYNAMIC 

ENTRY LENGTH 

1 NUMBER 1 LENGTH 1 

TABLE OF ELECTRODE 

LENGTHS 

TRANSFER ELECTRODES 

TABLE FOR DETAILS) 

OUT 

FIG. 2 Schematic diagram of the mass-transfer test section. 

it was possible to select any combination of 
electrodes, to apply a known potential dif- 
ference between them, and to measure the time- 
average mass-transfer current. The remainder 
of the apparatus was conventional in design 
and served to provide a metered, controlled- 
temperature (25 f D5”C) flow of liquid to the 
test section. 

Procedure. The procedure employed in the 
tests was as follows: the liquid flow-rate was 
set, and the electrical connections were arranged 
for the selected anode-cathode system. In all 
the tests, the electrodes downstream of the 
measuring cathode were employed as additional 
anodes, in order to minimize the potential 
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drop in the liquid film Measurements were then 
made of the current as a function of the applied 
potential ; hence the diffusion-controlled current 
was determined. The measurements were then 
repeated for successively longer cathodes (in 
some instances several electrodes were coupled 
together) until it was no longer possible to 
obtain a diffusion-controlled current, The upper 
limit on the electrode length was imposed by the 
ohmic drop in the electric potential which 
occurred in the film. Measurements of the 
ferricyanide ion concentration were made at 
regular intervals during the tests. 

~~~~~~ of Louis. The liquids employed in the 
experiments were made up of equimolar (Om5 
g-mol/l) concentrations of potassium ferri- 
c.;,nide and potassium ferrocyanide in solutions 
of sodium hydroxide and distilled water. The 
transport properties of the solutions, in par- 
ticular the viscosity and the diffusion coefficient 
of the ferricyanide ion, were varied by varying 
the con~ntration of sodium hydroxide in the 
range 05-6 g-mol/l; the corresponding range 
of IV, (z ~1~9, where p is the viscosity of 
the solution, p is the density, and 9 is the 
diffusion coefficient of the ferricyanide ion) was 
approximately 1400-18000. The fluid properties 
of the solutions are listed in Table 1. The table 
also lists the values of non~ension~ quan- 
tities which will be defined later. 

Measurement of jhictuations in the mass- 
transfer rate. Waves could be seen on the 
surface of the film over virtually the complete 
range of flow rates for each of the liquids 
employed. A limited number of instantaneous 
mass-transfer rates were measured in order to 
ascertain if the waves caused large-scale oscilla- 
tions. Solution No. 2 was used; cathode No. 14 
was employed as the measuring electrode. It 
was found that over the greater part of the range 
of NRe from SO to 3600, the oscillations in mass- 
transfer rate were small-of the order of 
f 2 per cent of the time-averaged rate. Maximum 
values of the order of f 8 per cent were observed 
at large NRo* and appeared to coincide with 
the passage over the electrode of large-ampli- 

tude waves of the type termed “roll waves” in 
the film-flow literature [21], 

2.2. Results 
The mass-transfer data obtained for the four 

solutions employed in the tests are shown in 
Figs. 3(a-d). The ordinate in the figures is a 
non-dimensional mass-transfer coefficient 
NJ E ~Ns&pza,,,)*] and the abscissa is the 
fihn Reynolds number NRe(= r/p); here g is 
the time- and space-average mass-transfer co- 
effkient as defined in equation (2.1.2), r is the 
mass flow rate of liquid per unit width of film, 

and Q@,~ is the ~mponent of the gravitational 
acceleration acting in the direction of flow. The 
parameter in each figure is the length of the 
measuring electrode, L. We shall forgo comment 
on the results until later: we first present a 
method of correlating the data in a compact 
form which allows us as well to draw some 
conclusions as to the nature of the flow in the 
vicinity of the wall. 

2.3. A mass-transfer theory 
We derive here a calculation procedure for 

heat or mass transfer to film flows which is 
based on some aspects of boundary-layer 
theory. We consider an idealised form of film 
flow in which (a) gradients of concentration 
exist only in the region near the wall where 
the shear stress in the liquid does not differ 
appreciably from the value at the wall,? and 

00 the non-dimensional total viscosity 
i$ (iii 1 + ~JP) is a function of only the non- 
dimensional velocity a+( = ii/(z~#). Here k 
is the eddy viscosity, g is the time-averaged 
velocity in the x direction, r, is the shear stress 
at the wall, and ,u is the molecular viscosity of 
the liquid. The details of the development are 
given in the Appendix. The theory has two 
main components : 
(1) A method outlined by one of the present 
authors [I, 41, for the calculation of heat- or 
mass-transfer rates through ~ifo~-pro~~y 

t This k a reasonable assumption for large NW 
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Frc. 3. Experimental data in the form of a non-dimensional mass-transfer coefficient N, as a 
function of NRe, for various electrode lengths. 
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boundary layers is adapted (Appendix A.l) to The important results of the theory are 
film flows. The modified theory relates the summarized below: 
mass-transfer coefficient to a non-dimensional 
film thickness, the length of the mass-transfer 

(1) The mass-transfer coefficient is related to the 

surface, and the transport properties of the 
independent variables by a function of the form? : 

liquid. 89 = SW+, NselNse,t)r (2.3.1) 
(2) The non-dimensional tihn thickness is re- 
lated, by further application of boundary-layer 
theory, to the film Reynolds number. The t The notation 3(. , . .) implies that 3 is a function of 
derivation is given in Appendix A.2. the quantities enclosed in the brackets. 



FIG. &--continued. 
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(ii) 6’ stands for the nondiiensional film 
thickness; this is a function of Reynolds 

FIG. 3-conhued. 

number derived in Appendix A.2 and 
displayed in Fig. 4. 

S*aj 5 p/p, a non-dimensiond film 
thi&ess, 
the average film thickness, 
the turbulent Schmidt number, taken 
as a constant = 0.9, 
the length of the mass-transfer surface, 
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FIG. 4. Non-dimensional mean film thickness, 6+, as a function of NRI. 

0.6 - 

0.4 - 

FIG. 5. Electrolytic mass-transfer data in s - L+ form. 

(4 

One of the implications of equation (2.3.1) is (2) Particular hypotheses for the distribution of 
that the mass-transfer data for a given liquid the total viscosity in the film permit us to calcu- 
(i.e. for fixed NJN,,,) should fall on a single late particular relations between S, 19 and 
curve when plotted in the s, L+ plane, irrespec- NsJN,, t ; we have employed here the total- 
tive of the values of NRe or L. viscosity hypothesis of Van Driest [S]. The 



DIFFUSION-CONTROLLED ELECTROLYTIC MASS TRANSFER 

s 174a D 
2395 . 

TURBULENT FL0 (b) 

.*4d 
1m 5.00 1000 

L' 

FIG. hontinued. 

E 

300 tmo 

FIG. 5--&n_tinued. 

theoreti~lly derived s ‘Y L? relation for the 
refevant value of iVsC/Ns,.,t is shown as a solid 
curve in each of Figs. 5 (a-d). 

(3) The 3 function possesses two asymptotes. 
(i) When the concentration gradients are 

contained within a region of laminar flow, the 
function is given by? [l] 

t It can be shown that when the relation 6+ = (3Nn.)* 
appropriate to Iaminar flow is inserted in (23.2~ the pmcnt 
theory and that derived by Nusseh [6] (which is restricted 
to laminar flow) yield identical predictions, 

S = 0*807 [Li /(~~~/~~, J]- f . (2.3.2) 

We shall refer to equation (2.3.2) as the Eveque 
solution, because it was first derived, albeit in 
a different form, by Leveque [7]. It is represented 
by the broken straight lines in Figs. 5(a-d). 

Equation (2.3.2) is valid, according to the 
theory, whenever the concentration boundary 
layer is confined to a laminar region. If the film 
is turbulent, this condition is fulfdled only for 
L? below about 10’ ; for a wholly lam&r film, 
or one for which tr~sition is incomplete, 
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FIG. 5-continued. 

equation (2.3.2) may be expected to hold for 
much larger L+ . 

(ii) For turbulent films, large N,,/N,,, and 
very large L+, the function takes the form 

s = (NsJN,, ,)/P(Ns,IN,,, ,). (2.3.3) 

The P( NsJNs,, ,) function is related to, and may 
be derived from, the total-viscosity profiles. 
For values of Ns,/N,,, greater than 100 the 
following P-function is obtained from the Van 
Driest total-viscosity profile : 

P = 8.95 (NsJN,, J*. (2.3.4) 

The asymptotic values of S computed from 
equations (2.3.3) and (2.3.4) are shown on the 
right-hand ordinate axes of the figures. 

2.4. Experimental data in s N L' form 

The data shown previously in Figs. 3(a-d) 
have been recast into s N L+ form, and are 
displayed in Figs. 5(ad). The symbols employed 
in the figures correspond to different Reynolds 
numbers; a key to the symbols appears in each 
figure. The 6+( NiJ function shown in Fig. 4 
was employed in the computation of S and L+. 

Other experimental data. Kramers and Krey- 
ger [8] report measurements of the rate of 
dissolution of a benzoic acid surface into a film 
of water. Their data are plotted in S, L+ coordi- 
nates in Fig. 6. The symbols in the figure denote 
values of NRe and also the various angles of 

the surface with the horizontal; a key to the 
symbols is given in the figure. 

3. DISCUSSION 

3.1. Comparison of predictions with experimental 
data for diffusion-controlled electrolysis 

The suitability of the S N L’ coordinate 
system. Comparison of Figs. 3(a-d) with Figs. 
5(a-d), which display the same experimental 
data in two different coordinate systems, shows 
that the second system is much more successful 
than the former in bringing the data on to a 
single curve. This fact is in accordance with the 
hypothesis that the profiles of velocity, total 
viscosity and total diffusivity indeed possess a 
universal character. 

Strictly speaking, the data tend to lie on one 
or other of two different curves; Fig. 5(c) 
illustrates this tendency with particular clarity. 
The lower of the curves is a straight line of 
slope -3; the data for the lower Reynolds 
numbers lie near this. The upper curve, which 
is asymptotic on the left to the lower one, is 
representative mainly of the Reynolds numbers 
in excess of 1000. This behavior is consistent 
with the hypothesis that the boundary layer is 
laminar for Reynolds numbers up to about 
700 and turbulent for Reynolds numbers above 
1000. The data do not allow the transition 
range of Reynolds number to be determined*to 
finer limits. 
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It should be pointed out that the range quoted It can be concluded that the theory for turbulent 
here may not hold for liquids with viscosity or films is as reliable as that for laminar films in 
surface-tension coefficient widely different from predicting the rate of mass transfer. 
the liquids employed in the present tests ; It should be mentioned that the data deviate 
for these, the effects of wave formation may be from the plotted theoretical curve considerably 
more important than in our ~vestigation. less than they do from theoretical curves based 
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FIG. 6. Dissolution of benzoic acid mass-transfer data in 3 N .f? form. 

Comparison with predictions for l~rnin~~~~. 
Examination of the data for values of Li which 
are less than about 103 shows that the experi- 
mental mass-transfer rates (proportional to S) 
lie close to, or a little below, the values given by 
the LCveque solution [equation (2.3.2)]. Dis- 
crepancies of up to 10 per cent are found. These 
deviations may be caused by one or both of 
the folIowing: (i) incorrectly assumed values of 
the diffusion coe~~ien~ or viscosities of the 
various mixtures; (ii) spreading of the concentra- 
tion profile into parts of the film in which the 
shear stress is significantly smaller than that 
at the wall. 

Comparison with predictions for turbulent flow. 

The data for the higher Reynolds numbers 
lie quite near to the curve deduced from the Van 
Driest total-viscosity hy~thesis by the method 
outlined above and described in the Appendices. 

on other total-viscosity hypotheses, for example 
those of Spalding [9] and Rasmussen and 
Karamcheti [lo]. This is further confirmation 
that the Van Driest equation is among the best 
that have been proposed so far. It is to be 
expected that the Deissler [ll] equation would 
be about as good as that of Van Driest, because, 
though this equation has a different, and for 
our purposes less convenient, form, numerical 
values of total viscosities are very nearly the 
same. 

3.2. Comparison of predictions with experimental 
data for the dissolution of benzoic acid 

Inspection of Fig. 6 reveals that the experi- 
mental data for the dissolution of benzoic acid 
in water do not collapse on to a single curve, 
or pair of curves. In view of the more regular 
behavior of the electrolytic data, the spread 
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of the benzoic-acid data can be plausibly 
attributed to experimental scatter. 

Perhaps therefore the most important con- 
clusion to draw from Figs. 5 and 6 is that 
diffusion-controlled electrolysis does afford, 
when suitable precautions are taken, an un- 
usually accurate means of measurement of 
mass-transfer phenomena. 

3.3. Practical conclusions 
Figures 5(a-d) strongly suggest that mass- 

transfer rates between solid surfaces and falling 
liquid films can be predicted by the following 
procedure : 

(i) Calculate the Reynolds number of the film, 
and from the curve in Fig. 4, determine the 
value of 6+. 
(ii) Hence, and from other relevant data, 
calculate L+, the non-dimensional length of 
the mass-transfer surface. 
(iii) Then, by reference to graphical representa- 
tion of the S function, S is calculated for the 
relevant L’ and Nsf values. If NRe is below 700, 
the laminar-film (L&veque) version of the s 
function is to be used; above an NRe value of 
1000, the turbulent-fihn value is appropriate ; 

intermediate values must be expected for inter- 
mediate Reynolds numbers. 
(iv) Finally, the value of the average mass- 
transfer coefficient g is calculated from the 
definition of 3 and the appropriate fluid 
properties. 

To aid in such calculations, Fig. 7 is presented. 
This contains, for a wide range of Schmidt 
numbers, the 3 N L+ relation for turbulent 
films. The left-hand asymptotes of these curves 
can be used, when produced to the right, for 
the calculation of laminar films. The curves are 
based on the Van Driest hypothesis, and on 
the theory already described. Although the 
confirmatory experimental data have been con- 
lined to the Schmidt-number range from 1400 
to 18400, the theoretical foundation appears to 
be sound enough to permit cautious use of the 
chart at much lower Schmidt numbers, or of 
course, if heat transfer is in question, Prandtl 
numbers. 

The particular merit of the above proposal 
is that the calculation of the mass-transfer rate 
has been reduced to the successive employment 
of one universal function with a single argument, 
namely 6 + ( NRe), and a second universal func- 

0.1 - 

I I I I11111 I I I111111 I I I111111 I I I IIIIT 
1 10 102 L+ 103 104 

FIG. 7. Theoretically derived s - L+ relations for various N,/N,,,,. 
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tion having two arguments, namely S(L+, sublayer to momentum and heat transfer, Technical 

N,/N,,,). If these, or equivalent, functions are note TWF/R/Z, Dept. Mech. Engng, Imperial College 

not used, it is necessary to employ a three- 
(January 1966). 

argument function, for example Ng(NRe, 
16. S. V. PATANKAR, Wall-shear-stress and heat-flux laws 

for turbulent boundary layer with pressure gradient: 

pa,, x pz/r2, N,). Three-argument functions are use of Van Driest’s eddy-viscosity hypothesis, Technical 

of course always difficult to present graphically. 
note TWF/TN/l4, Dept. Mech. Engng, Imperial College 
(May 1966). 

17. A. E. DUKL.W and M. WICKS, Gas-liquid flow in 
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p = density of the liquid, 
zs - shear stress at the wall. 

It is a common assumption that the following 
relation holds between E: and ET ; 

+ N 
Eo =-%+E;-l 

NSC 
(A.1.2) 

further, E: is held to depend upon u+ alone. 
Equation (A.l.l) can be integrated? for a given 
set of boundary conditions and a particular 
E:(u+) function to yield the concentration 
distribution in the boundary layer; the local 
mass-transfer coefficient can then be evaluated 
from the gradient of the concentration at the 
wall. 

The mathematical form of the solution for the 
present boundary conditions. It can be shown 
(see, for example, [l]) that for the condition of 
a step change in the concentration at the wall, 
the solution of equation A.l.l leads to a relation 
of the form: 

S = gN,l(r,P)+ = 5(x+/N,,,, NsJNs,,,) (A.l.3) 

where g = ri?“/(cp, - cps), and rit” is the local 
mass flux at the surface. For purposes of com- 
parison of the predictions of the theory with 
existing experimental data, we require the 
equivalent relationship for the average mass- 
transfer coefficient; the relationship is obtained 
as follows : 

where 
= s(L+, NsJNsc,,) (A.1.4) 

L+ = ;j (~4~ Wsc,t)- ’ dx, 
0 

S = m’“/(cpo - cps), as defined in equation 
(2.1.2), 

L = length of the mass-transfer surface. 

The s( L+, Ns,/N,,,)ji~ction. Equation (A.l.l) 

t Approximate methods of solution are given by Baker 
[12] and Patankar [13]. Some exact numerical solutions 
for boundary conditions equivalent to those considered 
here have been published by Gardner and Kestin [14]. 

possesses two asymptotic solutions. The first, 
which is of interest in the present work. is 

obtained for conditions of laminar flow, or 
turbulent flow and small L+ ; under these 
conditions E: can be placed equal to unity in 
equations (A.l.l) and (A.1.2). The problem then 
reduces to one which was first solved by Leveque 
[7]. Its solution is 

S = 0.807 [L+(/N,,/N,,,)]-+. (A.1.5) 

The second asymptotic solution, which is valid 
for turbulent flow, large NJN,,, and very 
large L+, is obtained by setting the left-hand side 
of (A.l.l) equal to zero ; physically this cor- 
responds to conditions when the mass-transfer 
coefficient is independent of L. The solution is 

3 = (NsJNs,, JlP(NsJNs,, J (A.1.6) 

It is shown in [l] that the P-function is related 
to, and may be derived from, the total-viscosity 
profile. 

Solutions of the partial differential equation 
which hold for turbulent flows and inter- 
mediate values of L’ have been obtained here 
by an approximate method developed by Patan- 
kar [13], and shown by him to give an error of 
less than 2 per cent in our conditions. The 
following total-viscosity formula proposed by 
Van Driest [5] was employedt 

E: = (1 + J(l + 4xzy+2[1 

- exp( - y+lA,)]2)}/2 (A. 1.7) 
where 

Y+ = Y&H/K 
y z distance normal to wall, 

A,, x = constants. 

The values of the constants used were x = 04 
and A, = 26. The associated P-function is 
given by 

P = 8.95 (NsJN,, Jt (A.1.8) 

for values of N, greater than approximately 100. 
Examples of the theoretically derived 

t The Van Driest hypothesis has been employed on the 
basis of the recommendations of Jayatillaka [lS] and 
Patankar [16]. 
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S(I.+, NJN,,,) functions are shown in Figs. The equations of motion and continuity for 
S(a-d), 6 and 7. In each figure, equation (A.1.5) the film are as follows : 
is represented by a broken straight line, and 
the numerically computed solutions are shown 
as solid curves. The asymptotic values of S for 
large L? are given on the right-hand ordinate 
axes of the figures. 

Adaptation to jlm flows. We intend to relate 
the wall shear stress, rs, which appears in the 
groups 3 and Lf, to the relevant independent 
variables for falling liquid films. At present 
we are concerned with circumstances in which 
the only important external forces which act 
on the film are the wall shear and the force of 
gravity. If these forces are in equilibrium we can 
derive, by way of a force balance, the relation 

zs = @a,,. where 6 is the film thickness. It is 
convenient at this stage to introduce a non- 
dimensional film thickness which is defined as 

6+ = ~(~~p~~/~ = S*a$,x p/p. (A.1.9) 

If we now substitute for r, in terms of 6+ 
in the groups S and L+, we obtain 

and 

a+*. (A.1.10) 

In the final stage of the analysis, which is 
given below, we derive a relationship between 
6+ and the film Reynolds number. 

A.2. The 6+ - NRe Function 

Theoretical studies of the hydrodynamics of 
film flows have been carried out by Dukler [17] 
and Kutateladze [18], among others. In order. 
to provide a complete picture of the application 
of boundary-layer theory to film flows, we give 
below a brief derivation of a hydrodynamic 
theory which is similar in most respects to 
those of Dukler and Kutateladze; the main 
difference is that we employ a single formula 
for the distribution of the total viscosity in 
the film. 

(i) Equation of motion ; 

z 
--_& .du+=l-?I. 

’ dy+ a+ 
(A.2.1) 

rs 

where 
r = shear stress in the film in a plane 

parallel to the surface, at a distance y 
from the wall, 

Yf = v(%PY/P. 

{ii) Continuity; 
d+ 

N,-;= 
s 

u+ dy+. (A.2.2) 

0 

For the present work we have employed the 
following E: expression derived from the Spald- 
ing [9] velocity profile ; 

E’ 
u 

= 1 + x/E[expxu+ - 1 - XU+ 

- (xu+)~/~! - (KU+)~/~!] (A.2.3) 

where x = 0.4 and E = 12. 
The solution of the equations is straight- 

forward; substitution of (A.2.3) into (A.2.1) and 
integration? yields the velocity distribution in 
the film, u’(y+, 6+). The &‘(N,) function can 
then be obtained by substitution of the velocity 
profile expression into (A.2.2) and integration 
of the quadrature (in the present case it was 
necessary to employ a numerical method). 
The result is given in Fig. 4. 

In practice it has been found [21] that wave 
formation occurs at the free surface of the film 
over the greater part of the span of N& of 
practical interest. However Fulford [21] and 
Dukler [17] have shown that if8 is defined as the 
mean film thickness there is reasonable agree- 

t The choice of the total-viscosity profile (A.2.3) was 
made for the following reasons: (a) an analytical expression 
is obtained for the velocity d~t~butio~ whereas use of 
the van Driest formula would necessitate numerical 
integration, and (b) there is no significant diierence between 
the S”(Na,) functions derived from either profile. 
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ment between theoretical 6+ (N,) functions in the present work the effects of errors in the 
virtually identical to the one derived here and estimation of 6+ are diminished by the fact that 
experimental data It should be pointed out 
that the scatter in the film thickness data is 

this quantity appears to the one-third power 
in s and L+. 

large (of the order of 20 per cent). Note that 

R&sum&-Le coefficient de transport de masse entre un film liquide s’ecoulant sur une surface verticale a 
ete mesurt a I’aide de la technique du transport de masse Clectrolytique contrblt par la diffusion. Les 
mesures sont cornpar& avec les previsions bas6es sur une adaptation aux .&coulements de film d’une 
theorie de l’un des auteurs pour le transport de chaleur ou de masse a travers les couches limites. I1 y a 
un bon accord entre la theorie et l’experience pourvu que le nombre de Reynolds du film soit en dehors 

de la gamme d’environ 700 a 1000. 

Zusammenfasanng-Fi den Masseniibergangskoeffizienten zwischen einem fallenden Fltissigkeitsfilm 
und einer senkrechten Oberllache wurden Messungen durchgefiihrt ; es wurde das Verfahren des diffusions- 
kontrollierten elektrolytischen Massentibergangs angewendet. Die Ergebnisse werden verglichen mit 
Berechnungen, die auf einer Angleichung an Filmstriimungen beruhen entsprechend einer Theorie fiir 
W&me- oder Stofftransport durch Grenzschichten von einem Autor der vorliegenden Arbeit. Es ergibt 
sich gute Ubereinstimmung zwischen Theorie und Versuche unter der Voraussetzung, dam die Reynolds- 

Zahl, bezogen auf den Film nicht im Bereich 700 bis 1000 liegt. 

AHaoTtawsl-IIonysetrH peaynbTaTbr inn KOot$r#rut~neiiTa MaccOO6MeHa memny na;lalomefl 
WU~KOfi IlJleHKOit R Bt?pTUKaJIbHOti IlOBepXHOCTbIO; L(JlH 3TOZt SWIM HCIlOJlb30BaJlCR UleTOJ 

J@l#IJ'tGiOHHO-KOHTpOJlliJQ%MOI'O WleKTpOJlATUWCKOrO MaCCOOfhleUii. PeZSyJlbTaTbI CpaBHU- 

BaJlHCb C Tt?OPeTUWCKUMW JJPHHYMU, IIOJIyWHHbtMU Ha OCHOBe llpf!JJJlO?Kt?HHOti O,?HUM U3 

aBTOPOB naHHOtt CTaTbU TeOpUU TNIJIO-U MaCCOO6MeHa B nOl'paHWIHblX CIIORX AJIH CJQ'Wfi 

IIJIeHO'iHblX Tt?W!HHfk. CpElBHeHUe TeOpl?TU'WCKUX U 3KCIlepUMeHTaJIbHbIX AaHHbIX ;laeT 

XOpOIlIfS? COOTBeTCTBUt? IlpU J'CJlOBUU, 'IT0 'IUCJIO PetiHOJlbECa AJIJI UJIeHKU He Jlt??iiUT B 

npexenax aea9etrufi -700-1000. 


